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In this paper we construct the general gauge theory of Leibniz-Loday algebras \[[@CR1]--[@CR6]\], which are algebraic structures generalizing the notion of Lie algebras. These structures have appeared in the context of duality covariant formulations of gauged supergravity \[[@CR7]--[@CR10]\] and of string/M-theory \[[@CR11]--[@CR24]\]. Such gauge theories and their associated tensor hierarchies (towers of *p*-form gauge fields transforming under non-abelian gauge symmetries) have so far been constructed on a case-by-case basis up to the level needed in a given number of dimensions. Our goal is to develop gauge theories based on Leibniz(-Loday) algebras in all generality and to axiomatize the underlying mathematical structure that guarantees consistency of the tensor hierarchies up to arbitrary levels. This gauge theory construction has a certain degree of universality in that it is based on an algebraic structure encoding the most general bilinear 'product' defining transformations whose closure is governed by the same product, thereby generalizing the adjoint action of a Lie algebra.

We begin by discussing this notion of universality as a way of introducing Leibniz algebras. There is a definite sense in which the most general algebraic structures defining (infinitesimal) symmetries are Lie algebras; indeed, we usually take the notion of continuous symmetries and Lie algebras to be synonymous. Let us briefly recall a 'proof' of this lore: suppose we are given infinitesimal variations $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi ^i$$\end{document}$ collectively denotes all fields. We can now act with another symmetry variation and antisymmetrize, which yields$$\documentclass[12pt]{minimal}
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                \begin{document}$$[\delta _{\lambda _1},\delta _{\lambda _2}]\phi ^i$$\end{document}$ is also an invariance. Therefore, symmetries 'close', so that we can write$$\documentclass[12pt]{minimal}
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                \begin{document}$$[\cdot , \cdot ]$$\end{document}$ on the right-hand side to be defined by this relation. Since the left-hand side of ([1.4](#Equ4){ref-type=""}) is just a commutator, the Jacobi identity $\documentclass[12pt]{minimal}
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                \begin{document}$$[\cdot , \cdot ]$$\end{document}$ on the right-hand side of ([1.4](#Equ4){ref-type=""}) also satisfies the Jacobi identity and hence defines a Lie algebra.

The above proof has several loopholes. For instance, the bracket ([1.4](#Equ4){ref-type=""}) could be field-dependent or closure could hold only 'on-shell', i.e., modulo trivial equations-of-motion symmetries. There is a well-developed machinery in (quantum) field theory to deal with such issues, the BV formalism \[[@CR25]\] (which in turn is related to $\documentclass[12pt]{minimal}
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                \begin{document}$$L_{\infty }$$\end{document}$ algebras that in this paper will play a role in a slightly different context). Here, however, we are concerned with another, more algebraic loophole: the existence of 'trivial symmetry parameters' whose action on fields vanishes, so that the Jacobi identity does not need to hold exactly for the bracket $\documentclass[12pt]{minimal}
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                \begin{document}$$\circ $$\end{document}$ is antisymmetric. If the product is antisymmetric, the Leibniz relation ([1.5](#Equ5){ref-type=""}) coincides with the Jacobi identity, and hence a Lie algebra is a special case of a Leibniz algebra. If the product is not antisymmetric, it carries a non-vanishing symmetric part denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$${{{\mathcal {L}}}}_{\{x,y\}}z=0$$\end{document}$ for any *z*, which implies that there is a space of trivial parameters, in which the symmetric part takes values. We will see that the antisymmetric part denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$[\cdot , \cdot ]$$\end{document}$ does not satisfy the Jacobi identity, but its Jacobiator yields a trivial parameter.

The reader may wonder what the significance of Leibniz algebras is, given that the symmetric part $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\cdot ,\cdot \}$$\end{document}$, which encodes the deviation from a Lie algebra, acts trivially. Indeed, we will see that the space of trivial parameters forms an ideal of the antisymmetric bracket, hence we could pass to the quotient algebra by modding out the trivial parameters, for which the resulting bracket is antisymmetric and does satisfy the Jacobi identity. In this sense, it is indeed sufficient to work with Lie algebras. So why should we bother with Leibniz algebras? The reason is the same as for gauge symmetries in general. Gauge invariances encode redundancies of the formulation, and hence in principle can be disposed of by working on the 'space of gauge invariant functions' or, alternatively, by 'fixing a gauge'. But the fact of the matter is that a redundant formulation is often greatly beneficial. Typically, a gauge theory formulation is necessary in order to render Lorentz invariance and locality manifest. Similarly, the Leibniz algebras arising in gauged supergravity and exceptional field theory are necessary in order to render duality symmetries manifest. The price to pay is then a yet higher level of redundancy, in which one not only has equivalences between certain field configurations but also equivalences between equivalences, etc., leading to the notion of 'higher gauge theories'. (See \[[@CR26]\] for a recent introduction to higher gauge theories.)

The higher gauge theory structures manifest themselves in the form of 'tensor hierarchies', which arise when one attempts to mimic the construction of Yang-Mills theory by introducing one-form gauge fields taking values in the Leibniz algebra. Since the associated antisymmetric bracket $\documentclass[12pt]{minimal}
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                \begin{document}$$[\cdot , \cdot ]$$\end{document}$ does not obey the Jacobi identity, however, one cannot define a gauge covariant field strength as in Yang-Mills theory. This can be resolved by introducing two-form potentials taking values in the space of trivial parameters and coupling it to the naive field strength. This, in turn, requires the introduction of three-form potentials in order to define a covariant field strength for the two-forms, indicating a pattern that potentially continues indefinitely. Thus, the seemingly minor relaxation of Lie algebra structures given by Leibniz algebras has profound consequence for the associated gauge theories, leading to a rich structure of higher-form symmetries. In the case of exceptional field theory, this gives a rationale for the presence of higher-form gauge fields in M-theory.

A core feature of the tensor hierarchy construction is that familiar relations from Yang-Mills theory, as closure of gauge transformations for the one-form connection or covariance of its naive field strength, only hold 'up to higher-form gauge transformations'. The resulting structure closely resembles that of strongly homotopy Lie algebras ($\documentclass[12pt]{minimal}
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                \begin{document}$$L_{\infty }$$\end{document}$ algebras), in which the standard Lie algebra relations only hold 'up to homotopy', i.e., up to higher brackets that in turn satisfy higher Jacobi identities \[[@CR27]--[@CR30]\]. Indeed, the relation with $\documentclass[12pt]{minimal}
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                \begin{document}$$L_{\infty }$$\end{document}$ algebras has already been elaborated in a number of publications, see \[[@CR31]--[@CR35]\]. More generally, in the mathematics literature it is well established that many algebraic structures or operations have 'infinity' versions, in which the standard relations only hold 'up to homotopy'. (See, for instance, \[[@CR36]\] and \[[@CR37]\] for a pedagogical introduction.) Our goal here is to identify the 'infinity structure' that underlies tensor hierarchies. While $\documentclass[12pt]{minimal}
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                \begin{document}$$L_{\infty }$$\end{document}$ algebras and tensor hierarchies are closely related, it turns out that by themselves the former do not provide a proper axiomatization of the latter. Further structures are needed, beyond the graded antisymmetric brackets of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_{\infty }$$\end{document}$ algebras, in order to define the most general tensor hierarchies. A first step towards the mathematical characterization of such structures was taken by Strobl, who introduced 'enhanced Leibniz algebras' \[[@CR38], [@CR39]\], which extend a Leibniz algebra by an additional vector space, together with a new algebraic operation satisfying suitable compatibility conditions with the Leibniz product. This structure is sufficient in order to define tensor hierarchies that end with two-forms. Here we go beyond this by identifying the mathematical structure that can be used to define tensor hierarchies up to arbitrary degrees, which we term 'infinity enhanced Leibniz algebras'. In this we rely heavily on the results obtained in \[[@CR22], [@CR40]\].

In the following we briefly display some of our core technical results. As a first step, the vector space of the Leibniz algebra is extended to a chain complex $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda \in X_0$$\end{document}$ in analogy to Cartan's 'magic formula' for the Lie derivative acting on differential forms,$$\documentclass[12pt]{minimal}
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                \begin{document}$$X_0$$\end{document}$ plays a distinguished role. The resulting formulas can be written very efficiently in terms of formal sums for the remaining gauge fields $\documentclass[12pt]{minimal}
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                \begin{document}$$D=d-{{{\mathcal {L}}}}_{A_1}$$\end{document}$ is the covariant derivative, satisfy the Bianchi identity$$\documentclass[12pt]{minimal}
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                \begin{document}$${{{\mathcal {F}}}}_2$$\end{document}$ then implies by induction gauge covariance of all field strengths.

The rest of this paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"} we discuss general results on Leibniz algebras to set the stage for the construction of gauge theories. In order to keep the paper self-contained and accessible we then present a step-by-step construction of the associated tensor hierarchy up to some low form-degree. In Sect. [3](#Sec6){ref-type="sec"} we use various observations made along the way, generalized further to arbitrary degrees, in order to motivate the general axioms of 'infinity-enhanced Leibniz algebras' that will be used in Sect. [4](#Sec10){ref-type="sec"} to construct exact tensor hierarchies. These are not restricted to finite degrees, and we prove the consistency of the tensor hierarchy to all orders. This construction is then contrasted in Sect. [5](#Sec14){ref-type="sec"} with topological field theories based on $\documentclass[12pt]{minimal}
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                \begin{document}$$L_{\infty }$$\end{document}$ algebras, which are consistent, without the need to introduce infinity-enhanced Leibniz algebras, by virtue of all field strengths being zero. We conclude in Sect. [6](#Sec18){ref-type="sec"} with a brief summary and outlook, while the Appendices include some technical details needed for the proof of the Bianchi identity, as well as a discussion of $\documentclass[12pt]{minimal}
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                \begin{document}$$L_\infty $$\end{document}$ algebras associated to Leibniz algebras.

*Note added in proof:*

During the review stage of this article there have been further developments in the understanding of infinity-enhanced Leibniz algebras \[[@CR41], [@CR42]\]. In particular, this gives an improved motivation for the axioms of infinity-enhanced Leibniz algebras as being obtained through a derived construction from a differential graded Lie algebra and a subsequent truncation to spaces of non-negative degree. This is reflected in the new Sect. [3.2](#Sec8){ref-type="sec"} of this paper.

Generalities on Leibniz Gauge Theories {#Sec2}
======================================

In this section we develop Leibniz algebras and discuss the first few steps needed in order to define their associated gauge theories. Specifically, this requires an extension of the original vector space on which the Leibniz algebra is defined by a 'space of trivial parameters' together with a new algebraic operation. Eventually, this construction will be extended to a graded sum of vector spaces with a differential (chain complex) and a bilinear graded symmetric operation. The results of this section will motivate the general axioms to be presented in the next section.

Leibniz algebras {#Sec3}
----------------

As outlined in the introduction, a Leibniz (or Loday) algebra is a vector space *V* equipped with a 'product' or 2-bracket $\documentclass[12pt]{minimal}
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                \begin{document}$$x,y,z\in V$$\end{document}$ the Leibniz identity ([1.5](#Equ5){ref-type=""}), which we here rewrite as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x\circ (y\circ z) \ = \ (x\circ y)\circ z + y\circ (x\circ z) . \end{aligned}$$\end{document}$$This form makes it clear that the symmetry variations defined by ([1.6](#Equ6){ref-type=""}), i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta _{x}y = {{{\mathcal {L}}}}_{x}y = x\circ y$$\end{document}$, act according to the Leibniz rule on the product $\documentclass[12pt]{minimal}
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                \begin{document}$$\circ $$\end{document}$, hence explaining the name 'Leibniz algebra'. (Sometimes this is referred to as 'left Leibniz algebra'. One could also introduce a 'right Leibniz algebra', where a vector acts from the right.) Similarly, it follows that the product is covariant under these transformations:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \delta _{x}(y\circ z)&\equiv \ \delta _xy\circ z +y\circ \delta _xz \\&= (x \circ y)\circ z +y\circ (x\circ z) \\&= x\circ (y\circ z) \\&= {{{\mathcal {L}}}}_x(y\circ z) . \end{aligned} \end{aligned}$$\end{document}$$Conversely, demanding that the product $\documentclass[12pt]{minimal}
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                \begin{document}$$\circ $$\end{document}$ defines a symmetry operation that is covariant with respect to itself uniquely leads to the notion of a Leibniz algebra.

We can now derive some further consequences from the Leibniz relations, in particular from the closure relation ([1.7](#Equ7){ref-type=""}),$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} {[}{{{\mathcal {L}}}}_x, {{{\mathcal {L}}}}_y]z \ = \ {{{\mathcal {L}}}}_{x\circ y}z . \end{aligned} \end{aligned}$$\end{document}$$Defining$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} \{x,y\}&\equiv \ \tfrac{1}{2}(x\circ y + y\circ x) , \\ [x,y]&\equiv \ \tfrac{1}{2}(x\circ y - y\circ x) , \end{aligned} \end{aligned}$$\end{document}$$and symmetrizing ([2.3](#Equ14){ref-type=""}) in *x*, *y* we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}{}[{{{\mathcal {L}}}}_x,{{{\mathcal {L}}}}_y]z \ = \ {{{\mathcal {L}}}}_{[x,y]}z , \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {{{\mathcal {L}}}}_{\{x,y\}}z \ = \ 0 \quad \forall x,y . \end{aligned}$$\end{document}$$Thus, the antisymmetric part defines the 'structure constants' of the more conventional (antisymmetric) gauge algebra, but we will see shortly that it does not satisfy the Jacobi identity. Indeed, as discussed in the introduction, we infer from ([2.6](#Equ17){ref-type=""}) that in general there is a notion of 'trivial gauge parameters', given by the symmetric part, so that it is sufficient that the 'Jacobiator' is trivial in this sense. We can now prove that the 'Jacobiator' of the bracket $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\,,]$$\end{document}$ is trivial in that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm{Jac}(x_1, x_2, x_3) \ \equiv \ 3[[x_{[1}, x^{}_2],x_{3]}] \ = \ \{x_{[1}\circ x^{}_{2}, x_{3]}\} . \end{aligned}$$\end{document}$$For the proof we suppress the total antisymmetrization in 1, 2, 3. We then need to establish:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 6[x_1\circ x_2, x_3] - 2\{x_1\circ x_2, x_3\} \ = \ 0 , \end{aligned}$$\end{document}$$where we multiplied by 2 for convenience. This relation is verified by writing out the brackets, using total antisymmetry and the Leibniz identity ([2.1](#Equ12){ref-type=""}) in the last step:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 6[x_1\circ x_2, x_3] - 2\{x_1\circ x_2, x_3\}&= 3\,(x_1\circ x_2)\circ x_3 - 3\,x_3\circ (x_1\circ x_2) \nonumber \\&\quad -(x_1\circ x_2)\circ x_3 - x_3\circ (x_1\circ x_2) \nonumber \\&= 2\,(x_1\circ x_2)\circ x_3-4\,x_3\circ (x_1\circ x_2)\nonumber \\&= 2\,(x_1\circ x_2)\circ x_3+2\, x_2\circ (x_1\circ x_3) - 2\, x_1\circ (x_2\circ x_3) \nonumber \\&= 0. \end{aligned}$$\end{document}$$It should be emphasized that the above structure is only non-trivial iff the symmetric pairing $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\,,\}$$\end{document}$ takes values in a proper subspace of *V*, for otherwise we had with ([2.6](#Equ17){ref-type=""}) that $\documentclass[12pt]{minimal}
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                \begin{document}$$\forall x: {{{\mathcal {L}}}}_xz=0$$\end{document}$, i.e., that the product is trivial. If $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\,,\}=0$$\end{document}$, we have a Lie algebra. More generally, the above structures define an $\documentclass[12pt]{minimal}
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                \begin{document}$$L_{\infty }$$\end{document}$ algebra with '2-bracket' $\documentclass[12pt]{minimal}
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                \begin{document}$$\ell _2(x,y)=[x,y]$$\end{document}$. Provided the space of trivial gauge parameters forms an ideal, this follows directly from Theorem 2 in \[[@CR45]\]. In order to prove that the trivial parameters form an ideal we have to show that the bracket of an arbitrary vector *z* with $\documentclass[12pt]{minimal}
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                \begin{document}$$\{x,y\}$$\end{document}$ is again trivial, i.e., writable in terms of $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\,,\}$$\end{document}$. To this end, we use that the covariance property ([2.2](#Equ13){ref-type=""}) implies the covariance of the symmetric pairing:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} z\circ \{x,y\} \ = \ \{ z\circ x, y\} + \{x,z\circ y\} . \end{aligned} \end{aligned}$$\end{document}$$Since this also equals$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} z\circ \{x,y\} \ = \ [z, \{x,y\} ]+\{z, \{x,y\} \} , \end{aligned}$$\end{document}$$we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {[}z, \{x,y\} ] \ = \ \{ z\circ x, y\} + \{x,z\circ y\} - \{z, \{x,y\} \} . \end{aligned}$$\end{document}$$This completes the proof that the bracket of a trivial element with an arbitrary vector *z* is itself trivial and hence that the space of trivial vectors forms an ideal. Therefore, as mentioned in the introduction, we could pass to the quotient algebra in which one identifies two vectors that differ by a 'trivial' vector, which then defines a Lie algebra. In applications, however, this can typically not be done in a duality covariant manner.

It will next turn out to be convenient to parameterize the space of trivial parameters more explicitly, so that the symmetric part of the product can be viewed as the image of a linear nilpotent operator of another algebraic operation. Specifically, we introduce a vector space *U* and a linear operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \{x,y\} \ = \ \tfrac{1}{2}{\mathfrak {D}}(x\bullet y) , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\tfrac{1}{2}$$\end{document}$ is for convenience. This relation is motivated by 'infinity' structures such as $\documentclass[12pt]{minimal}
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                \begin{document}$$L_{\infty }$$\end{document}$ algebras, where a nilpotent differential on a chain complex governs the homotopy versions of algebraic relations, and also will turn out to be necessary in order to define tensor hierarchies explicitly. One can assume ([2.13](#Equ24){ref-type=""}) without loss of generality. For instance, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\,,\}$$\end{document}$ lives in a subspace of *V*, we can take *U* to be isomorphic to this subspace and $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {D}}$$\end{document}$ the inclusion map that views an element of *U* as an element of *V*. However, $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {D}}$$\end{document}$ can be more general, and in particular have a non-trivial kernel. In examples, $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {D}}$$\end{document}$ typically emerges naturally as a non-trivial operator.

Let us spell out some further assumptions on the space *U* and then derive some consequences of ([2.13](#Equ24){ref-type=""}). First, ([2.6](#Equ17){ref-type=""}) in combination with ([2.13](#Equ24){ref-type=""}) implies $\documentclass[12pt]{minimal}
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                \begin{document}$${{{\mathcal {L}}}}_{{\mathfrak {D}}(x\bullet y)}z={\mathfrak {D}}(x\bullet y)\circ z=0$$\end{document}$ for all $\documentclass[12pt]{minimal}
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                \begin{document}$$x, y\in V$$\end{document}$. We will assume that the space *U* has been chosen so as to precisely encode the trivial parameters in that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \forall u\in U:\;\;\; {\mathfrak {D}}u\circ x \ = \ {{{\mathcal {L}}}}_{{\mathfrak {D}}u}x \ = \ 0 . \end{aligned}$$\end{document}$$Immediate corollaries are$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \forall x\in V\,u\in U:\;\; \{ x, {\mathfrak {D}}u\} \ = \ \{{\mathfrak {D}}u, x\} \ = \ \tfrac{1}{2}x\circ {\mathfrak {D}}u , \end{aligned}$$\end{document}$$and therefore with ([2.13](#Equ24){ref-type=""})$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \forall x\in V\, u\in U:\;\; {\mathfrak {D}}(x\bullet {\mathfrak {D}}u) \ = \ x\circ {\mathfrak {D}}u . \end{aligned}$$\end{document}$$This means that the Leibniz product of an arbitrary vector with any trivial ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {D}}$$\end{document}$ exact) vector is itself $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {D}}$$\end{document}$ exact and hence trivial. Another consequence is derived by setting $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathfrak {D}}({\mathfrak {D}}v\bullet {\mathfrak {D}}u) \ = \ {\mathfrak {D}}v\circ {\mathfrak {D}}u \ = \ 0 . \end{aligned}$$\end{document}$$Put differently, the $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathfrak {D}}v \bullet {\mathfrak {D}}u \ \in \ \mathrm{Ker}({\mathfrak {D}}) . \end{aligned}$$\end{document}$$In the remainder of this subsection we make the assumption that the kernel of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {D}}$$\end{document}$ is trivial in order to exemplify the resulting structures in the simplest possible setting and to connect to the 'enhanced Leibniz algebras' discussed recently in \[[@CR39]\]. Put differently, we assume a structure given by the 2-term chain complexso that $\documentclass[12pt]{minimal}
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                \begin{document}$$u=0$$\end{document}$. Although somewhat degenerate, this setup already allows us to exhibit some features that later will recur in the general context.

Our first goal is to prove that the bilinear operation $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \delta _{z}(x\bullet y) \ \equiv \ (z\circ x)\bullet y + x\bullet (z\circ y) \ = \ z\bullet {\mathfrak {D}}(x\bullet y) . \end{aligned}$$\end{document}$$To this end we employ the covariance of the Leibniz product $\documentclass[12pt]{minimal}
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                \begin{document}$$\circ $$\end{document}$ w.r.t. its own action, as expressed in ([2.2](#Equ13){ref-type=""}), ([2.10](#Equ21){ref-type=""}), to compute$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \delta _{z}({\mathfrak {D}}(x\bullet y)) \ = \ 2\,\delta _{z}\{x,y\} \ = \ 2\,z\circ \{x, y\} \ = \ z\circ {\mathfrak {D}}(x\bullet y) \ = \ {\mathfrak {D}}(z\bullet {\mathfrak {D}}(x\bullet y)),\nonumber \\ \end{aligned}$$\end{document}$$where we used ([2.16](#Equ27){ref-type=""}) in the last step. Since, by definition of variations, the left-hand side equals $\documentclass[12pt]{minimal}
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We can now prove that the action ([2.20](#Equ31){ref-type=""}) of the Leibniz algebra on *U* closes according to the Leibniz product. We first note the general fact that the following combination lives in the kernel of $\documentclass[12pt]{minimal}
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Generalization to non-trivial kernel {#Sec4}
------------------------------------

We will now relax some of the assumptions above. First, we allow $\documentclass[12pt]{minimal}
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                \begin{document}$$+1$$\end{document}$. The equality of both forms on the r.h.s. follows from the l.h.s. being symmetric in *a*, *b*, so that we can assume that the r.h.s. is also symmetric. Put differently, we can assume that the antisymmetric part is $\documentclass[12pt]{minimal}
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                \begin{document}$$a, b\in X_1$$\end{document}$ the product needs to be antisymmetric, in agreement with the implicit definition ([2.29](#Equ40){ref-type=""}).

Our next goal is to define a generalization of the Leibniz action ([2.20](#Equ31){ref-type=""}) that is valid on the entire chain complex. Specifically, we define a generalized Lie derivative via 'Cartan's magic formula'$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_1$$\end{document}$ as the 'space of trivial parameters'. To this end we set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z={\mathfrak {D}}b$$\end{document}$ and compute with ([2.31](#Equ42){ref-type=""})$$\documentclass[12pt]{minimal}
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Let us now address the crucial question whether the generalized Lie derivatives ([2.33](#Equ44){ref-type=""}) form an algebra. This can be easily seen to be the case if and only if the Lie derivative is 'covariant' w.r.t its own action. Since, as just established, $\documentclass[12pt]{minimal}
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Tensor hierarchy at low levels {#Sec5}
------------------------------

We will now turn to the formulation of gauge theories based on algebraic structures satisfying the relations discussed in the previous subsection, exhibiting the first few steps in the construction of a tensor hierarchy. In this one tries to mimic the construction of Yang-Mills theory: one introduces one-forms $\documentclass[12pt]{minimal}
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We can now determine the gauge transformations of the 2-forms so that the field strength transforms covariantly. To this end we use that with ([2.39](#Equ50){ref-type=""}) we have for the commutator of covariant derivatives:$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{{\mathcal {F}}}}_{\mu \nu }$$\end{document}$ under ([2.42](#Equ53){ref-type=""}) now follows, provided we postulate the following gauge transformations for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{\mu \nu }$$\end{document}$, written in terms of ([2.50](#Equ61){ref-type=""}),$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Delta _{\lambda }B_{\mu \nu } \ = \ 2\,D_{[\mu }\lambda _{\nu ]} + {{{\mathcal {F}}}}_{\mu \nu }\bullet \lambda . \end{aligned}$$\end{document}$$Here we also introduced a new gauge parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _{\mu }\in X_1$$\end{document}$, for which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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In order to further develop the general pattern of tensor hierarchies, we close this section by completing the definition of the 3-form curvature by introducing a 3-form potential taking values in $\documentclass[12pt]{minimal}
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It should now be fairly clear how the pattern continues: at each level (form degree) one can construct consistent gauge transformations, covariant curvatures, etc., that have the familiar properties up to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {D}}$$\end{document}$-exact contributions that, in turn, can be fixed by introducing forms of one higher degree. The exact (or closed-form) formulation of the complete tensor hierarchy will be developed in the next two sections.

Infinity Enhanced Leibniz Algebra {#Sec6}
=================================

In the previous section we have seen how the step-by-step construction of the tensor hierarchy proceeds in parallel to the introduction of spaces of higher degree $\documentclass[12pt]{minimal}
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Motivation {#Sec7}
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As discussed in the previous sections, the Leibniz product provides a natural notion of symmetry transformations (in the following often referred to as Lie derivative):$$\documentclass[12pt]{minimal}
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                \begin{document}$$(x\bullet u)$$\end{document}$ to be covariant. Notice that the structures on the right hand side above are completely fixed by degree and symmetry, and the assumption is actually on the relative coefficients.

Relation with differential graded Lie algebras {#Sec8}
----------------------------------------------

Looking at the properties ([3.13](#Equ89){ref-type=""}) and ([3.16](#Equ92){ref-type=""}) one immediately notices the resemblance with the graded Jacobi identity and graded Leibniz rule of differential graded Lie algebras. In fact, one can show that this is precisely the case upon suspension, *i.e.* degree shifting, of the graded vector spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$-1\,$$\end{document}$, while the bracket ([3.20](#Equ96){ref-type=""}) has degree zero.

With these definitions one can show that properties ([3.13](#Equ89){ref-type=""}) and ([3.16](#Equ92){ref-type=""}) become the usual graded Jacobi identity for the bracket ([3.20](#Equ96){ref-type=""}) and graded Leibniz compatibility of the differential, namely$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned}&{[}[{\tilde{a}},{\tilde{b}}],{\tilde{c}}]+(-1)^{|{\tilde{a}}|(|{\tilde{b}}|+|{\tilde{c}}|)}[[{\tilde{b}},{\tilde{c}}],{\tilde{a}}]+(-1)^{|{\tilde{c}}|(|{\tilde{a}}|+|{\tilde{b}}|)}[[{\tilde{c}},{\tilde{a}}],{\tilde{b}}]=0 ,\\&{\mathfrak {D}}[{\tilde{a}},{\tilde{b}}]=[{\mathfrak {D}}{\tilde{a}},{\tilde{b}}]+(-1)^{|{\tilde{a}}|}[{\tilde{a}},{\mathfrak {D}}{\tilde{b}}] ,\quad |{\tilde{a}}|\,,|{\tilde{b}}|>1 . \end{aligned} \end{aligned}$$\end{document}$$Finally, the original Leibniz algebra $\documentclass[12pt]{minimal}
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                \begin{document}$${\widetilde{X}}_1\,$$\end{document}$.

Even though the differential graded Lie algebra (dgLa) structure appearing in ([3.21](#Equ97){ref-type=""}) allows for a more familiar interpretation of the properties ([3.13](#Equ89){ref-type=""}) and ([3.16](#Equ92){ref-type=""}), one should keep in mind that the Leibniz product $\documentclass[12pt]{minimal}
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                \begin{document}$$\circ $$\end{document}$ is an independent algebraic structure. In particular, its compatibility properties with the differential and the dgLa bracket, given by the suspended version of ([3.3](#Equ79){ref-type=""}), ([3.4](#Equ80){ref-type=""}), ([3.6](#Equ82){ref-type=""}) and ([3.18](#Equ94){ref-type=""}), need to be imposed as separate requirements.

This construction simplifies considerably if one extends the graded vector space $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \rho _{{\tilde{t}}}\,{\tilde{a}}:=[{\tilde{t}},{\tilde{a}}] ,\quad {\tilde{t}}\in {\widetilde{X}}_0\,,\;{\tilde{a}}\in {\widetilde{X}} . \end{aligned}$$\end{document}$$The crucial difference of the extended space formulation is that the differential can now act on the Leibniz space $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\mathfrak {D}}: {\widetilde{X}}_1\rightarrow {\mathfrak {g}} \end{aligned}$$\end{document}$$that can be interpreted as an abstract embedding tensor, in the language of gauged supergravity. This in turn allows one to *define* the Leibniz product as a derived one via$$\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {D}}$$\end{document}$ are sufficient to prove that the product ([3.25](#Equ101){ref-type=""}) does indeed obey the Leibniz property. Moreover, the Lie derivative is also universally defined by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {{{\mathcal {L}}}}_{{\tilde{x}}}{\tilde{a}}:=-[{\mathfrak {D}}{\tilde{x}},{\tilde{a}}] ,\quad {\tilde{x}}\in {\widetilde{X}}_1\,,\;{\tilde{a}}\in {\widetilde{X}} . \end{aligned}$$\end{document}$$Finally, all the compatibility conditions ([3.3](#Equ79){ref-type=""}), ([3.4](#Equ80){ref-type=""}), ([3.6](#Equ82){ref-type=""}) and ([3.18](#Equ94){ref-type=""}) are ensured by the dgLa structure of the entire vector space, requiring only the graded Jacobi identity and compatibility of the differential.

At this point it is evident that the dgLa structure on the unbounded space allows for a more concise construction. However, it should be noted that assuming the existence of the Lie algebra $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {g}}$$\end{document}$ and its action on $\documentclass[12pt]{minimal}
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                \begin{document}$${\widetilde{X}}$$\end{document}$ is not needed in order to construct the tensor hierarchy and is a considerable piece of extra data to be given as input. Moreover, so far there is no clear field theoretic interpretation of the spaces in negative degrees. Nevertheless, given any Leibniz algebra $\documentclass[12pt]{minimal}
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                \begin{document}$$(X_0,\circ )$$\end{document}$ it is always possible to define an associated Lie algebra by modding out the symmetric part of the Leibniz product. This yields a Lie algebra $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {g}}=s \,X_{-1}\,$$\end{document}$, but is rather a subalgebra of the latter. For instance, in gauged supergravity the underlying Lie algebra $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {g}}$$\end{document}$ is given by the global symmetry algebra of the ungauged phase, while in double and exceptional field theory such an algebra was identified only recently \[[@CR5], [@CR43]\]. This shows that augmenting the original graded vector space *X* to negative degrees and extending the action of the differential and the bullet requires a significant amount of extra structure, that is not necessary in order to define a consistent tensor hierarchy. For this reason, in the present paper we shall investigate tensor hierarchies in terms of the most minimal set of algebraic structures that guarantee their consistency. We will consider the graded vector space *X* concentrated in non-negative degrees, with the Leibniz algebra $\documentclass[12pt]{minimal}
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                \begin{document}$$(X_0,\circ )$$\end{document}$ as a fundamental structure. As discussed in the present section, the consistency relations ([3.3](#Equ79){ref-type=""}), ([3.4](#Equ80){ref-type=""}), ([3.6](#Equ82){ref-type=""}) and ([3.18](#Equ94){ref-type=""}) cannot be derived, in this case, by more fundamental ones, and we shall demand them as additional axioms that will be collected in the next subsection.

Axioms {#Sec9}
------

We are now ready to provide the list of structures and axioms defining what we name an infinity-enhanced Leibniz algebra. In this section we will prove that the given axioms allow one to define a generalized Lie derivative that acts covariantly on all algebraic structures, and closes on itself modulo trivial transformations.

An infinity-enhanced Leibniz algebra consists of the quadruple $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} ...\longrightarrow \; X_n\;{\mathop {\longrightarrow }\limits ^{{\mathfrak {D}}}}\;X_{n-1} ... {\mathop {\longrightarrow }\limits ^{{\mathfrak {D}}}}\;X_1\;{\mathop {\longrightarrow }\limits ^{{\mathfrak {D}}}}\;X_0 , \qquad {\mathfrak {D}}^2 \ = \ 0 , \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
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                \begin{document}$$+1$$\end{document}$ defined on the whole space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X\,$$\end{document}$:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \bullet :X_i\otimes X_j\rightarrow X_{i+j+1} ,\quad a\bullet b=(-1)^{|a||b|}b\bullet a . \end{aligned}$$\end{document}$$This quadruple defines an infinity-enhanced Leibniz algebra provided$$\documentclass[12pt]{minimal}
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*Closure*

Since the Lie derivative will be used to define symmetry variations and covariant derivatives, we have to show that it closes under commutation, namely$$\documentclass[12pt]{minimal}
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Exact Tensor Hierarchy {#Sec10}
======================

The main goal of this section is to show that the infinity-enhanced Leibniz algebra, defined in the previous section by the set of axioms ([3.31](#Equ107){ref-type=""}), allows us to construct the tensor hierarchy to all orders. In particular, we will show that it is possible to define gauge covariant curvatures $\documentclass[12pt]{minimal}
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General strategy {#Sec11}
----------------

We start by briefly outlining the general strategy: When constructing the gauge theory step by step, as in Sect. [2.3](#Sec5){ref-type="sec"}, one starts from the one-form[4](#Fn4){ref-type="fn"}$\documentclass[12pt]{minimal}
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Curvatures and Bianchi identities to all orders {#Sec12}
-----------------------------------------------
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Gauge covariance {#Sec13}
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As a final comment, we notice that by taking the formal sum of the higher form potentials, as well as the pseudo CS forms and curvatures:$$\documentclass[12pt]{minimal}
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Our goal in this section is to relate the infinity enhanced Leibniz algebra introduced above to the closely related $\documentclass[12pt]{minimal}
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Warm-up {#Sec15}
-------

We begin with a warm-up example, trying to construct curvatures for the lowest gauge potentials by means of $\documentclass[12pt]{minimal}
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After this explicit example for the lowest ranks of the tensor hierarchy, we will now turn to determine the gauge transformations and field strengths for differential forms $\documentclass[12pt]{minimal}
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Differential forms taking values in $\documentclass[12pt]{minimal}
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-----------------------------------------------------------------------

In this section we will only assume that the field content consists of a set of differential forms of arbitrary degree, taking values in an $\documentclass[12pt]{minimal}
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Topological gauge theory {#Sec17}
------------------------

We are now ready to construct a topological higher gauge theory with the above ingredients: The gauge fields $\documentclass[12pt]{minimal}
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As promised, the property ([5.46](#Equ216){ref-type=""}) immediately shows that a gauge parameter of the form $\documentclass[12pt]{minimal}
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Conclusions and Outlook {#Sec18}
=======================

In this paper we have developed the general gauge theory of Leibniz-Loday algebras. We introduced the structure of an 'infinity enhanced Leibniz algebra' and proved that there is an associated tensor hierarchy of *p*-form gauge potentials that is consistent to arbitrary levels. Our proposal is that the 'infinity enhanced Leibniz algebra' yields the proper mathematical axiomatization of the notion of 'tensor hierarchy' developed in theoretical physics.

There are numerous potential applications and further extensions of the general framework developed here, which we briefly list in the following:Various examples of Leibniz algebras and their associated gauge theories have already been discussed in the recent literature \[[@CR5], [@CR6]\], notably in \[[@CR43]\], where the notation of this paper is employed. However, the tensor hierarchies have typically only been developed up to the form degree needed in order to write a gauge invariant action. It would be important to use the general mathematical machinery defined here to construct exact tensor hierarchies. In particular, this would allow one to formulate dynamical equations in terms of a hierarchy of duality relations between curvatures and their duals \[[@CR49]\].Apart from the applications in string and M-theory that motivated the formulation of Leibniz-Loday gauge theories, it is to be expected that they will play a role in other areas, too. For instance, it has recently been shown that these structures are needed for a local formulation of gauge theories based on the algebra of volume-preserving diffeomorphisms \[[@CR44]\], in turn suggesting potential applications in hydrodynamics \[[@CR48]\].Another area where applications are quite likely is that of higher-spin gauge theories as introduced by Vasiliev, whose formulation relies on the unfolded approach, which is closely related to $\documentclass[12pt]{minimal}
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                \begin{document}$$L_{\infty }$$\end{document}$ algebras \[[@CR50]--[@CR52]\], although interactions are more directly understood as governed by deformations of associative algebras \[[@CR52], [@CR53]\]. One may suspect that the even further generalized algebraic structures discussed here will be useful for higher-spin gravity, particularly in reference to the issue of modding out ideals that is crucial for higher-spin theories in arbitrary dimensions \[[@CR54]--[@CR57]\].We believe to have identified a new and rich mathematical structure, but the formulation found here leaves something to be desired. For instance, it would be useful to understand the infinity enhanced Leibniz algebras as the 'homotopy version' of some simpler algebraic structure --- in the same sense that an $\documentclass[12pt]{minimal}
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                \begin{document}$$L_{\infty }$$\end{document}$ algebras is in terms of co-derivations on suitable tensor algebras that square to zero \[[@CR28]\]. It would be helpful to find a similar formulation for the structures identified here.An open problem in exceptional field theory, the duality covariant formulation of the spacetime actions of string/M-theory, is the question of whether there is a 'universal' formulation unifying all U-duality groups, combining $\documentclass[12pt]{minimal}
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                \begin{document}$$n=2,\ldots , 9$$\end{document}$, into a single algebraic structure. So far, these theories are based on a split into 'external' and 'internal' spaces, with the latter governed by the Leibniz algebra of generalized diffeomorphisms and the former by *p*-forms building a tensor hierarchy for this Leibniz algebra. Is there, perhaps, a formulation without split, based on a larger algebraic structure from which one would recover the presently understood exceptional field theories by choosing a Leibniz subalgebra and decomposing according to a $\documentclass[12pt]{minimal}
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Proof of the CS Bianchi Identity {#Sec19}
================================

In the construction of gauge covariant curvatures for the tensor hierarchy one is led to introduce Chern-Simons-like forms that are built from the one-form $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\iota _A x:= A\bullet x$$\end{document}$ and we recall that the pure Yang-Mills two-form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_2$$\end{document}$ is included as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega _2\,$$\end{document}$. We will now prove the identity ([4.7](#Equ125){ref-type=""})$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned}&l_2(l_3(x_1,x_2,x_3),u_n)-3\,l_2(l_3(x_1,x_2,u_n),x_3)-3\,l_3(l_2(x_1,x_2),x_3,u_n)\\&\qquad -3\,l_3(l_2(x_1,u_n),x_2,x_3) \\&\quad = tfrac32\,{{{\mathcal {L}}}}_{x_3}l_3(x_1,x_2,u_n)+\tfrac{1}{4}\big \{[(x_1\circ x_2)\circ x_3-x_3\circ (x_1\circ x_2)]\bullet u_n\\&\qquad +(x_1\circ x_2)\bullet {{{\mathcal {L}}}}_{x_3}u_n\\&\qquad -x_3\bullet {{{\mathcal {L}}}}_{[x_1,x_2]}u_n+(x_2\circ x_3)\bullet {{{\mathcal {L}}}}_{x_1}u_n+x_2\bullet {{{\mathcal {L}}}}_{x_3}{{{\mathcal {L}}}}_{x_1}u_n\big \} \\&\quad = tfrac32\,{{{\mathcal {L}}}}_{x_3}l_3(x_1,x_2,u_n)+\tfrac{1}{4}\big \{[x_3\circ (x_1\circ x_2)]\bullet u_n+(x_1\circ x_2)\bullet {{{\mathcal {L}}}}_{x_3}u_n\\&\qquad +(x_3\circ x_1)\bullet {{{\mathcal {L}}}}_{x_2}u_n+x_1\bullet {{{\mathcal {L}}}}_{x_3}{{{\mathcal {L}}}}_{x_2}u_n\big \}\\&\quad = \tfrac{3}{2}\,{{{\mathcal {L}}}}_{x_3}l_3(x_1,x_2,u_n)+\tfrac{1}{4}\,{{{\mathcal {L}}}}_{x_3}\big \{(x_1\circ x_2)\bullet u_n+x_1\bullet {{{\mathcal {L}}}}_{x_2}u_n\big \}=0 , \end{aligned} \end{aligned}$$\end{document}$$proving $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned}&2\,l_2(l_3(x_1,x_2,u_n),u_m)+2\,l_2(l_3(x_1,u_n,u_m),x_2)\\&\qquad -l_3(l_2(x_1,x_2),u_n,u_m)+4\,l_3(l_2(x_1,u_n),x_2,u_m)-l_3(l_2(u_n,u_m),x_1,x_2) \\&\quad ={{{\mathcal {L}}}}_{x_1}l_3(x_2,u_n,u_m)-\tfrac{1}{6}\,u_n\bullet {{{\mathcal {L}}}}_{[x_1,x_2]}u_m+2\,l_3(x_1,{{{\mathcal {L}}}}_{x_2}u_n,u_m)\\&\quad ={{{\mathcal {L}}}}_{x_1}l_3(x_2,u_n,u_m)-\tfrac{1}{6}\,u_n\bullet {{{\mathcal {L}}}}_{[x_1,x_2]}u_m+\tfrac{1}{6}\,{{{\mathcal {L}}}}_{x_2}u_n\bullet {{{\mathcal {L}}}}_{x_1}u_m\\&\qquad -(-1)^{mn}\tfrac{1}{6}\,u_m\bullet {{{\mathcal {L}}}}_{x_1}{{{\mathcal {L}}}}_{x_2}u_n\\&\quad ={{{\mathcal {L}}}}_{x_1}l_3(x_2,u_n,u_m)-\tfrac{1}{6}\,{{{\mathcal {L}}}}_{x_1}\big [u_n\bullet {{{\mathcal {L}}}}_{x_2}u_m\big ]=0 \end{aligned} \end{aligned}$$\end{document}$$with \[12\] and \[*nm*) left implicit, yielding $\documentclass[12pt]{minimal}
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                \begin{document}$$l_2$$\end{document}$ maps are given by ([B.14](#Equ252){ref-type=""}).

We summarize here the list of non-vanishing $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned}&l_2(x,y)=[x,y] ,\quad x,y\in X_0 ,\\&l_2(x,u_n)=\tfrac{1}{2}\,{{{\mathcal {L}}}}_xu_n ,\quad n>0 ,\\&l_3(x_1,x_2,x_3)=-\tfrac{1}{2}\,x_{[1}\bullet (x_2\circ x_{3]}) ,\\&l_3(x_1,x_2,u_n)=-\tfrac{1}{6}\,[x_1,x_2]\bullet u_n-\tfrac{1}{6}\,x_{[1}\bullet {{{\mathcal {L}}}}_{x_{2]}}u_n ,\quad n>0 ,\\&l_3(x,u_n,u_m)=\tfrac{1}{6}\,u_{[n}\bullet {{{\mathcal {L}}}}_x u_{m)} ,\quad n,m>0 . \end{aligned} \end{aligned}$$\end{document}$$Having shown that all $\documentclass[12pt]{minimal}
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                \begin{document}$$L_\infty $$\end{document}$ algebra is not truncated to a finite degree.

As customary, we also denote the composition of maps by $\documentclass[12pt]{minimal}
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                \begin{document}$$\circ $$\end{document}$. It should always be clear from the context whether we mean the Leibniz product or composition.

In particular, one has to use the perhaps somewhat surprising relations$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 3\, A_{[\mu }\circ (A_{\nu }\circ A_{\rho ]}) \ = \ {\mathfrak {D}}(A_{[\mu }\bullet ( A_{\nu }\circ A_{\rho ]})) , \qquad A_{\mu }\circ {\mathfrak {D}}B_{\nu \rho } \ = \ {\mathfrak {D}}(A_{\mu }\bullet {\mathfrak {D}}B_{\nu \rho }) . \end{aligned}$$\end{document}$$

Here and in the following total antisymmetrization of form indices is understood.

From now on, having to deal with forms of arbitrary degree, we use intrinsic differential form notation with normalization $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega _3$$\end{document}$ Chern-Simons form compared to Sect. [2.3](#Sec5){ref-type="sec"}, in order to avoid cluttering formulas with factorial coefficients.

As shown in Sect. [2.3](#Sec5){ref-type="sec"} the $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {D}}$$\end{document}$-exact part of the gauge transformation is required by closure.
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*Note added in proof:* during the review stage, dynamical field equations were provided in terms of first-order duality relations in \[[@CR42]\], where possible action principles have also been discussed.

To find this one also needs the relation $\documentclass[12pt]{minimal}
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                \begin{document}$$l_1\,l_4(x_1,x_2,x_3,x_4)=4\,l_2(l_3(x_{[1},x_2,x_3),x_{4]})-6\,l_3(l_2(x_{[1},x_2),x_3,x_{4]})$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|x_i|=0\,$$\end{document}$.
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                \begin{document}$$L_\infty $$\end{document}$ degree zero to the vector field, its scalar gauge parameter and curvature two-form.

Recall that, by using the Leibniz property, one has $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(A\circ A)\circ A=2\,A\circ (A\circ A)\,$$\end{document}$.

*Note added in proof*: In the meantime, it was shown in \[[@CR41]\] how to construct the associated $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L_\infty $$\end{document}$ brackets in general by using the derived bracket construction.
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[^1]: Communicated by C. Schweigert.
